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ABSTRACT
Since the foundational work of Chenciner andMontgomery in 2000 there has been a great deal of
interest in choreographic solutions of the n-body problem: periodic motions where the n bodies
all follow one another at regular intervals along a closed path. The principal approach combines
variational methods with symmetry properties. In this paper, we give a systematic treatment of
the symmetry aspect. In the first part we classify all possible symmetry groups of planar n-body,
collision-free choreographies. These symmetry groups fall in to 2 infinite families and, if n is odd,
three exceptional groups. In the second part we develop the equivariant fundamental group and
use it to determine the topology of the space of loops with a given symmetry, which we show is re-
lated to certain cosets of the pure braid group in the full braid group, and to centralizers of elements
of the corresponding coset. In particular, we refine the symmetry classification by classifying the
connected components of the set of loops with any given symmetry. This leads to the existence of
many new choreographies in n-body systems governed by a strong force potential.
MSC 2010: 37C80, 70F10, 58E40
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1 INTRODUCTION
The problem of determining the motion of n particles under gravitational interaction has long
been of interest, and since Poincaré there has been particular interest in periodic motions. In the
last 20 years, renewed interest has followed the discovery of what are now called choreographies:
periodic motions where the particles, assumed to be of equal mass, follow each other around a
closed path at regular intervals. In 1993, Moore [31] discovered the first of these, where 3 identical
particles move along a figure 8 curve; he found this numerically. Independently, Chenciner and
Montgomery [8] (re)discovered this figure-8 solution a few years later, but they proved its existence
using a clever combination of symmetry methods and variational techniques.
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Figure 1.1: Examples of planar choreographies; (a) circular, (b) the figure eight, (c) the
super-eight and (d) a non-symmetric choreography.
Since thework ofMoore, Chenciner andMontgomery there have beenmany paperswritten on
the subject of choreographies. We restrict ourselves to the planar case, although interesting exam-
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ples of choreographies have been shown to exist in higher dimensions [1, 9, 12, 15]. In the plane,
the first choreography known (in hindsight) was the circular choreography of Lagrange, in which
the particles are positioned at the vertices of a regular n-gon rotating with constant speed about
its centre. Soon after the work of Chenciner and Montgomery, J. Gerver suggested a 4-particle
choreography on what is called the ‘super-eight’, a curve similar to the figure eight but with three
internal regions and two crossings ([7] p. 289 and Fig. 1.1(c)). The papers [7] and [35] contains
many examples of choreographies, found numerically, and it will be noticed that almost all have
some geometric symmetry.
Some work approaches the questions using numerics and some use an analytic-topological
approach, but almost all methods use a variational setting for the problem. The original paper by
Moore [31] was asking how the theory of braids could be used in the study of dynamical systems of
n interacting bodies in the plane—anyperiodicmotion of n particles can be represented by a braid
(indeed a pure braid as the particles return to their original position after one period), andMoore’s
numerical approach was to use the braid as an ‘initial condition’ for the variational problem and
then ‘relax’ the curve by decreasing the action. Chenciner and Montgomery’s approach was also
variational, but they used explicitly the symmetries involved in the figure 8 solution, together with
the variational setup, and the crux of their existence proof was to show that minimizing the action
within the given symmetry class did not involve collisions.
The idea of using symmetry methods in the variational problem was taken up in a very inter-
esting paper by Ferrario and Terracini [13], where they gave, among other things, conditions on
the symmetry under consideration guaranteeing that a minimizer of the action is free of collisions
(their ‘rotating circle’ condition, which we describe in Section 2).
An excellent review by Terracini was published in 2006 [39], containing many more references.
The principal aim of the present paper is to make systematic the combination of topological
(braid) methods and symmetry methods. We begin by classifying all possible symmetry groups
arising for (collision-free) choreographies in the plane, and then proceed to study symmetries in
loop space, firstly in general and then referring specifically to choreographies. The work is an ex-
tension of the work presented in the second author’s thesis [37].
1.1 CONFIGURATIONS AND SYMMETRIES
We are interested in the motion of an isolated system of n identical particles in the plane. We
identify the plane with C—the complex numbers. Under these assumptions, the centre of mass of
the particles is given by 1n
∑
j z j and without loss of generality we can take this point to be fixed at
the origin. In addition we assume the particles do not collide. Later we assume they interact under
a conservative attractive force. Much of this section follows the work of Ferrario and Terracini [13].
The configuration space of the system is therefore
X (n) :=
{
(z1, . . . ,zn) ∈C
n
|
∑
j z j = 0, zi 6= z j ∀i 6= j
}
,
which is a (non-compact) manifold of real dimension 2n −2. There is a natural symmetry group
acting on X (n), namely the product of the orthogonal group in the plane and the group of permu-
tations of the n points Γ :=O(2)×Sn acting by,
(A,σ) · (z1, . . . ,zn)= (Azσ−1(1), . . . ,Azσ−1(n)). (1.1)
All group actions will be left actions, whence the inverse on the permutation in (1.1).
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LetΛ=ΛX (n) be the space of all loops in X (n). A loop is by definition a continuous map
u :T→ X (n),
where T is the time circle: we identify T=R/Z, so loops are parametrized by t ∈ [0,1]. Then
u(t )= (z1(t ), . . . ,zn(t )) ∈ X
(n), (1.2)
where each z j :T→C.
Denote by Ŝ1 the symmetry group of rotations and reflections of the time circle T, which is
isomorphic to O(2). The action of Γ on X (n) extends to an action of Γ× Ŝ1 on the loop space Λ: if
τ ∈ Ŝ1 we put
((A,σ,τ) ·u)(t ) := (A,σ) ·u(τ−1(t )), (1.3)
where (A,σ) acts as in (1.1). A loop u is said to have symmetry G < Γ× Ŝ1 if G is the isotropy
subgroup of u under the Γ× Ŝ1-action (we use the notationG < H to meanG is a subgroup of H ).
Explicitly, this means that
u(τ(t ))= (A,σ) ·u(t ), ∀(A,σ,τ) ∈G .
Notice that g = (I ,σ,τ)∈G means that
zσ( j )(τ(t ))= z j (t ) (∀ j , t ),
and consequently particles whose labels are within the same orbit of σ follow the same path. In
particular, if σ is a cycle of order n (the number of particles), then all the particles follow the same
path.
A particular subgroup of Γ× Ŝ1 of central interest is the choreography group Cn which is the
cyclic group of order n generated by c= (I ,σ1,−1/n), where σ1 is the cycle σ1 = (1 2 3 . . . n)∈ Sn .
Recall that, given any action of a groupG on a space X the fixed point space is defined to be
Fix(G ,X )=
{
x ∈ X | ∀g ∈G , g ·x = x
}
.
Definition 1.1. A choreography is an element of the fixed point space Fix(Cn ,ΛX (n)).
We denote this fixed point space by Λc =ΛcX (n). Explicitly, the loop (1.2) is a choreography if,
for each j = 1, . . . ,n,
z j+1(t )= z j (t + 1/n), (1.4)
where the index is taken modulo n; in particular particle 1 follows particle 2 which in turn follows
particle 3 etc., and all with the same time delay of 1/n. As already pointed out, this definition
requires all the particles to move on the same curve. Such motions are sometimes called simple
choreographies, to distinguish from more general choreographies where more than one curve is
involved, and possibly different numbers of particles on different curves: we only consider these
simple choreographies. Note that the definition does not imply that the particles are in numerical
order around the curve as Example 1.3 below shows.
It follows from the definition that the symmetry group G of any choreography satisfies Cn <G
(in Proposition 2.1 we show it is in fact a normal subgroup). Since Cn is of order n, it follows that n
divides the order of the symmetry groupG of any choreography.
For a given symmetry groupG < Γ× Ŝ1, we denote by ρ,σ,τ the projections ofG to each com-
ponent. That is, given an element g ∈Γ×Ŝ1 wewrite its three components as ρ(g ) ∈O(2), σ(g ) ∈ Sn
and τ(g ) ∈ Ŝ1.
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Definition 1.2. A subgroupG <Γ is said to be non-reversing if τ(G)< S1, otherwise it is reversing.
These are what Ferrario and Terracini call symmetry groups of cyclic and dihedral type, respec-
tively [13]. Note that their ‘brake type’ symmetry groups cannot occur in collision-free (simple)
choreographies with more than 1 particle.
Example 1.3. One important—but in a sense trivial—class of choreography is what we call the
circular choreographies, where the particles lie at the vertices of a regular n-gon which rotates
uniformly about the centre of mass; they are the generalizations of the Lagrange solution to n
particles. Explicitly, consider the parametrized circle z(t ) = exp(2πit ) in the plane. Let ℓ be an
integer coprime to n and define a motion of n particles by, for j = 1, . . . ,n,
z j (t )= e
2πiℓ j/n z(ℓt ). (1.5)
This is easily seen to be a choreography, satisfying (1.4). The full symmetry group of this motion
is isomorphic to a semidirect productO(2)⋉Zn ≃ (SO(2)×Zn )⋊Z2; an explicit description of the
elements of this group is given in Eq. (2.1). In this motion, particle j immediately follows particle
j +m around the circle, wheremℓ= 1 mod n, with a time delay of 1/ℓm; that is
z j+m(t )= z j (t + 1/mℓ),
which implies the choreography condition (1.4). In this example, we have
kerρ =Cn , kerσ≃ SO(2), kerτ= 〈(R2πℓ/n ,σ1,0)〉 ≃Zn .
We assume ℓ is coprime to n for otherwise this motion involves particles coinciding for all time.
Classification Themain result of the first part of the paper (stated as Theorem 2.3) is a complete
classification of all possible symmetry groups of (simple) planar choreographies. In other words,
we classify all those subgroups ofO(2)×Sn × Ŝ1 that on the one hand contain Cn and on the other
are realized as the symmetry group of some collision-free n-body motion. For a given number n
of particles, one finds that there are two infinite families of symmetry group and, if n is odd, three
exceptional symmetry groups. Full details of the symmetry groups are given in Section 2; here we
give a brief description. For the infinite families, the curve on which the particles move has the
symmetry of a regular k-gon for some k ≥ 1. As the particles move, they visit the ‘vertices’ of the
k-gon in some order. This order is similar to the difference between a pentagon and a pentagram:
in the former the vertices are visited in geometric order, while in the latter the vertices are visited
alternately (i.e., in the order 1, 3, 5, 2, 4, rather than 1, 2, 3, 4, 5). There is a convenient notation
used to distinguish these, the so-called Schläfli symbol. In this notation, the basic regular convex
k-gon is denoted {k}, while the k-gon with every ℓth vertex visited in sequence is denoted {k/ℓ}
—in particular {k/1} = {k}. Thus the pentagon is denoted {5}, while the pentagram is denoted
{5/2}. In order for the geometric object {k/ℓ} to consist of a single closed curve, it is necessary
and sufficient that k and ℓ are coprime (which we write throughout as (k ,ℓ) = 1). We adapt this
notation, and denote the symmetry groups for n particles moving on a curve of type {k} or {k/ℓ} by
C (n,k) orC (n,k/ℓ) respectively if there is no time reversing symmetry, and byD(n,k) orD(n,k/ℓ)
respectively if there is such a symmetry. See for example Fig. 2.1 for choreographies illustrating
the difference between D(6,5) (pentagon) and D(6,5/2) (pentagram). In these infinite families,
the time-reversing symmetries occur in combination with a reflection in the plane. As k →∞ the
6 J. Montaldi & K. Steckles
This paper D(3,k/ℓ) D ′(3,2) D ′(3,1) C ′(3,2)
Barutello et al. ‘Lagrange’ D6 D3 C6
Table 1.1: Comparison of the classification in this paper with that of Barutello, Ferrario
and Terracini [2] for 3-particle choreographies (note that in [2] the dihedral group of order
2m is denoted D2m while here we denote it Dm)
k-gon tends to a circle and so we denote the symmetry of the circular choreography introduced
above byD(n,∞/ℓ).
On the other hand, if n is odd, there are three exceptional symmetry groups denoted C ′(n,2),
D ′(n,1) andD ′(n,2) (where, as always, n is the number of particles). For example, the figure eight
choreography has symmetry D ′(3,2). In these groups there is always an element which either acts
as time-reversing symmetry but not a reflection (in D ′(n,1)), or a reflection which is not acting as
time-reversal inC ′(n,2), or both in the case of D ′(n,2). Precise details are given in Section 2, while
a number of different choreographies are illustrated in Figure 1.2.
Comparison to recent literature Stewart [38] gives a classification of symmetry groups arising
in many body problems which is different from ours. This difference arises for two reasons: firstly
Stewart does not restrict attention to choreographies, and secondly his approach is local, and
would apply to Hopf bifurcation or Lyapunov centre theorem scenarios: they are the symmetries
that can arise for periodic orbits in a linear system. On the other hand, Barutello, Ferrario and Ter-
racini [2] do give a classification of symmetries for 3-body choreographies. However, their classifi-
cation is simpler than ours (even forn = 3) as they consider themotion in a rotating frame (ormod-
ulo rotations), which has the effect of projecting out the rotational part of our symmetry groups,
so effectively they consider subgroups of Z2×S3× Ŝ1; in particular all the groups D(3,k/ℓ) in this
paper are collapsed to the single ‘Lagrange type’, which is the image of D(3,∞/ℓ) in Z2×S3× Ŝ1.
See Table 1.1. This is similar to viewing the motion on the shape sphere, see for example [30] and
references therein.
1.2 VARIATIONAL PROBLEM AND TOPOLOGY OF LOOP SPACES
The principal motivation for this paper is to apply the results to the variational problem describing
the periodic motion of n identical particles in the plane, interacting under a Newtonian potential.
However, theNewtonian potential is renowned for its difficulty, as was evident even to Poincaré (in
modern terms, because the action functional on the space of collision-free loops is not coercive).
The proof of the existence of the figure-8 by Chenciner and Montgomery [8] uses some delicate
arguments to show that the minimum of the action functional over the set of loops with the given
symmetry cannot occur for a loop with collisions. A different argument for avoiding collisions cov-
eringmore general symmetry classeswas given by Ferrario andTerracini [13], under the hypothesis
that the symmetry group satisfy what they call the rotating circle condition (see Section2.6 below).
Given an action of a (Lie) group Γ on amanifold X there is a natural action of Γ×Ŝ1 on the loop
space ΛX . This action has been used a great deal in bifurcation theory, in particular for the Hopf
bifurcation by Golubitsky and Stewart [16] and for the Hamiltonian Lyapunov centre theorem [28].
However, it seems it has not been used as extensively, or as systematically, in variational problems.
The second half of this paper goes a little way to address this.
Typically, one is looking for periodic solutions of a differential equationwhich can be expressed
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(a) D(6,4) (b) D(6,4) (c) D(6,4) (d) D(6,4)
(e) D(8,3) (f) D(8,3) (g) D(8,3) (h) D(8,3)
(i) D(4,6) (j) D(5,8) (k) D(8,9/2) (l) D(8,9/4)
(m) D(8,7) (n) D(9,4) (o) D(9,4) (p) D(10,5/2)
Figure 1.2: A selection of choreographies with their symmetry group. See Remark 1.6.
These are all from the regular families of symmetry groups; for some examples illustrating
the exceptional symmetry groups see Fig. 2.4. Where the same label appears for more
than one figure, they correspond to different connected components of the corresponding
Fix(G ,ΛX (n)). Animations can be viewed on the first author’s website [27].
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as a variational problem. This includes the existence problem of closed geodesics, as well as peri-
odic orbits for n-body problems and more general Lagrangianmechanical systems. Let A :ΛX →
R be the ‘action functional’, whose critical points correspond to periodic solutions of a given fixed
period, whichwe take to be 1, and assume it is invariant under the action ofΓ×Ŝ1. (This invariance
occurs for example if the Lagrangian is invariant under the action of Γ on X , or for the geodesic
problem, if the metric is invariant under the Γ action). For each subgroup G < Γ× Ŝ1 denote by
A
G the restriction of A to Fix(G ,ΛX ). By Palais’ principle of symmetric criticality [32], critical
points of AG coincide with critical points of A lying in Fix(G ,ΛX ), that is, to periodic solutions
with spatio-temporal symmetryG .
If the functional AG is coercive, then it is guaranteed to achieve a minimum, and indeed a
minimum on each connected component of Fix(G ,ΛX ). Coercive means that for every sequence
that has no point of accumulation (in the weak topology), the functional tends to infinity, and it is
a standard argument in variational calculus that provided the functional is lower semicontinuous
and coercive then it achieves its minimum, see for example the book of Jost and Li-Jost [23].
For the geodesic problem on a compact Riemannian manifold X , the action functional, equal
to the length of a loop, satisfies the Palais-Smale condition and is coercive, and the critical points
are the closed geodesics [25]. The topological techniques of this paper can be used to prove the
existence of symmetric geodesics, so those satisfying u(t +θ)= g ·u(t ), for each (g ,θ) ∈G < Γ×S1.
In particular, a symmetric geodesic is one that, as a curve in X , is invariant under those transfor-
mations of X contained in the projection ofG to Γ.
For planar n-body problems, the space X is X (n) introduced above, which is not compact, nor
even complete because of collisions, and separate arguments are required to deal with the two
problems.
Its completion X (n) ≃ Cn−1 is not compact and the action functional is not coercive, as loops
can move to infinity without the action increasing. However, imposing restrictions on the types of
loops considered can ensure coercivity of A , and there are two types of restriction considered in
the literature: topological and symmetry based. The topological constraints were introduced by
Gordon [20] using the notion of tied loops. The symmetry approach was used in various ways by
different authors and culminated in a beautifully simple result of Ferrario and Terracini [13], who
showed that the restriction AG of A to the subspace of loops in X (n) with symmetryG is coercive
if and only ifG < Γ× Ŝ1 is such that
Fix(G , X (n))= {0}. (1.6)
This holds for a wide class of action functions A , including the one derived from the Newtonian
potential. For our purposes this condition (1.6) holds for the choreography group Cn , and a fortiori
for any group containing Cn (the groups of our classification).
There remains the issue of collisions. For the gravitational 1/r potential the action functional
on ΛX (n) fails to be coercive because, as was known to Poincaré, there are trajectories with col-
lisions for which the action is finite. Following Poincaré and others since, one can introduce the
notion of a strong force (essentially with potential behaving like 1/r a for a ≥ 2 near collisions,
rather than the Newtonian 1/r ), in which case a simple estimate shows that every loop with col-
lisions has infinite action. This idea was investigated by Gordon [20] where he combines it with
his idea of tied loops in ΛX (n) to ensure A is coercive on these connected components of ΛX (n).
(See also the very interesting papers of Chenciner [5, 6] describing the insights and contributions
of Poincaré.)
This discussion leads to the following well-known result.
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Theorem 1.4. Consider the n-body problemwith a strong force potential and let G be any subgroup
of Γ× Ŝ1 containing Cn . Then in each connected component of Fix(G ,ΛX (n)) there is at least one
choreographic periodic orbit of the system.
Proof. The strong force analysis by Gordon [20] and the coercivity result of Ferrario and Terracini
[13] mentioned above implies that each connected component of Fix(G ,ΛX (n)) contains a local
minimum of the action functional. Thisminimum is a periodic orbit, and necessarily a choreogra-
phy sinceG contains Cn .
Connected components of the loop space ΛX (n) correspond to (conjugacy classes of) pure
braids and Montgomery [29] gives a very nice analysis of which components of ΛX (n) are tied in
Gordon’s sense, in terms of the pure braids and their winding numbers. In the second half of this
paper, we show that for each group G < Γ×S1 (so not including time reversing symmetries which
will be dealt with in a separate paper), the connected components of Fix(G ,ΛX (n)) are in 1–1 cor-
respondence with certain conjugacy classes in the full braid group, and more precisely by the Pn-
conjugacy classes in a certain coset in Bn/Pn , where Pn is the pure braid group on n strings (or
twisted conjugacy classes in the case of C ′(n,2)). The precise formulation is given in Theorem 5.7.
In a sense, this can be seen as extending the work of Montgomery.
For the Newtonian (weak) potential, the action functional is not coercive at collisions, and the
notion of tied loops does not apply as the set of collisions does not obstruct moving from one
component of ΛX (n) to another. The proof by Chenciner and Montgomery [8] of the existence
of the figure-8 solution involves showing that the minimum over all loops with collision is greater
than the action of a particular loopwith the given symmetry (the classD ′(3,2) in our notation), and
hence the minimum over loops with that symmetry must be realized for a collision-free loop. The
important paper of Ferrario and Terracini [13] gives a general perturbation argument, based on a
technique of Marchal, showing that for many symmetry classes the minimum of AG cannot be
achieved at a trajectory with collisions. These symmetry classes are those satisfying their rotating
circle condition, a property we discuss in Sec. 2.6.
However, even with the gravitational potential, the lack of coercivity does not of course imply
that there is not aminimumon each connected component of Fix(G ,ΛX (n)), and indeed numerics
suggest that in many, or perhaps most, examples there are such minima (there is numerical evi-
dence that on some connected components there is nominimum, see [34, 35], but this evidence is
also only numerical).
In this paper, we make no claim to prove explicitly the existence of new choreographies for
the Newtonian n-body problem, although we can make the following statement, which is an easy
consequence of the results of Ferrario and Terracini.
Theorem 1.5. Suppose n is odd. Then for each of the symmetry types D ′(n,1) and C ′(n,2) there is a
collision-free periodic orbit of the Newtonian n-body systemwith that symmetry.
It is possible that the choreographies in question are those where n particles move around a
figure-8 curve—however to our knowledge it has not been shown that these minimize the action
for the given symmetry type.
Proof. Ferrario and Terracini [13] prove that for any symmetry satisfying the rotating circle condi-
tion there is a collision-free minimum in the set of loops with that symmetry. We show in Proposi-
tion 2.9 that the symmetry groups in question do satisfy this property.
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Note that the groups C (n,k/ℓ) also satisfy the rotating circle condition, but in that case it is
known that the circular choreography minimizes the action [3].
For the 3-body problem, many choreographies are known (numerically), almost all of which
have just reflectional symmetry (many with one axis, and some with 2 such as the figure 8). A
new possibility raised here are the symmetry types D(3,k) with k > 2. A particular case is the
choreography of “3 particles on a Celtic knot”, depicted in Figure 2.2, withD(3,4) symmetry. While
a motion similar to the figure exists for the strong force, by Theorem 1.4, it would be particularly
interesting to know if it exists for the Newtonian attraction.
We have hitherto not been specific about exactly which space of loops we use. For variational
calculus one needs the Sobolev space H1(T,X (n)) with its usual topology, while for the topological
part one uses continuous loopswith the compact-open topology. It is proved in [25] that the spaces
are homotopic, and the argument can be adapted to show that the homotopy can be chosen to
respect the action ofΓ×Ŝ1. Thus connected components of Fix(G ,C0(T,X (n))) correspond to those
of Fix(G , H1(T,X (n))), and the corresponding components are homotopy equivalent.
Organization The paper is organized as follows. In Section 2 we describe the symmetry groups
arising for planar choreographies and someof their properties and state the classification theorem,
Theorem 2.3. The proof of the theorem is the subject of Section 3.
The remainder of the paper investigates the topology of the space of choreographic loops with
a given symmetry. Section 4 describes a general approach to the question for the action of any
Lie group Γ on a manifold X . We introduce the notion of ‘equivariant fundamental group’ which
can be used to compute the connected components and their fundamental group of the spaces of
symmetric loops. These ideas are applied in Section 5 to the question for choreographies. Finally,
Section 6 provides a method to describe which components of the space of loops with symme-
try G contain loops with symmetry group strictly greater than G , an important issue in applying
variational techniques. In sections 4–6 we consider only the action of Γ×S1, rather than allowing
time-reversing symmetries inΓ×Ŝ1. Subgroupswith time-reversing symmetries will be considered
in a forthcoming paper.
Remark 1.6. The figures showing choreographies are provided to illustrate the symmetry types
of choreographies, and the differences between different connected components of the space of
loops with a given symmetry type (a number of examples of this are shown in Fig. 1.2, and com-
pare also Figs 2.3 and 5.3). The choreographies are all found using MAPLE or MATLAB by amethod
of steepest descent to minimize the action for the n-body problem with Newtonian potential, al-
though inmost cases there is no guarantee such a solution exists. Themethod is applied on a space
of finite Fourier serieswith coefficients satisfying conditions corresponding to the symmetry group
in question, as described in Section 2.4. Consequently, if there does exist a solution in a particular
connected component of the space of loops with a given symmetry type, then it is reasonable to
expect the solution to resemble the corresponding figure. Animations of the figures are available
on the first author’s website [27]; the programming for the animations was created by Dan Gries.
It has been observed by others before that it is not difficult to create numerical examples of
choreographies by taking a parametrized curve with several self-intersections and placing on it a
large number of particles at regular intervals, and then decreasing the action until it is minimized
(using a computer programme of course). On the other hand, it appears to be much more of a
challenge to produce examples where there are very few particles compared with the degree of
symmetry of the curve, such as the examples D(3,4), D(4,6) and D(5,8) illustrated in Figs 1.2 and
2.2. It would be particularly interesting to prove existence results for these examples.
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2 CLASSIFICATION OF SYMMETRY TYPES
2.1 NOTATION
Here we introduce some notation for certain subgroups and elements that will be useful through-
out the paper. The symbol n always denotes the number of particles, and we assume n ≥ 3.
• We denote by Rθ ∈ SO(2) the rotation of the plane through an angle θ and by κ ∈ O(2) the
reflection in the horizontal axis. In complex coordinates, Rθ is multiplication by e
iθ and κ is
complex conjugation. We occasionally use κθ to denote reflection in the line at an angle θ
with the horizontal (so κ0 = κ and Rθκ= κθ/2).
• Let Sn denote the symmetric group on n letters, with identity element denoted e , and con-
sider two particular subgroups. Firstly, denote by σ1 ∈ Sn the cycle σ1 = (1 2 3 . . . n) of order
n, so σ1( j )= j +1 mod n, and denote by Σn < Sn the cyclic subgroup generated by σ1. Sec-
ondly, let s1 be the order 2 permutationwhich fixes the element 1 and reverses the numerical
order: s1 = (2 n)(3 (n−1)) · · · , so s1( j )= 2− j mod n, anddenote byΣ+n < Sn the dihedral group
of order 2n generated by σ1 and s1.
• For k coprime to n we denote by σk ∈Σn the unique permutation satisfying σ
k
k =σ1. That is,
σk ( j )= j +k
′ where kk ′≡ 1 mod n.
• Recall that T is the circle R/Z. For θ ∈ S1 (the group, also R/Z) denote the transformation
t 7→ θ+ t of T simply by θ, and the reversing transformation t 7→ θ− t by θ¯. Thus 0 denotes
the identity, and 0¯ the reflection about t = 0. The reflection θ¯ is the reflection that fixes the
points θ/2 and θ/2+1/2.
• The choreography element is c= (I ,σ1,−1/n) ∈ Γ×S
1, and the choreography subgroup Cn is
the cyclic subgroup of order n generated by c.
With this notation, the symmetry group of the speed-ℓ circular choreography with n particles
described in Example 1.3, is generated by
(I ,σ1,−1/n), (R2πℓθ,e,θ), (κ, s1,0), (2.1)
with θ ∈ S1.
Since the space of choreographies is Fix(C,Λ(X (n))), there is a natural action of the normalizer
ofCn inΓ×Ŝ1 on this space. This normalizer is in fact equal toO(2)×Σ+n×Ŝ
1. In the next proposition
we show that the isotropy subgroup of any choreography is contained in this group: if collisions
were allowed this would not be the case.
2.2 BASIC PROPERTIES
Associated to any choreography u is its symmetry group G , and the projections ρ,σ,τ of G to
SO(2),Sn and Ŝ1 respectively. We now give a few basic properties of these projections.
Proposition 2.1. Let u be a choreography with symmetry groupG < Γ× Ŝ1. Then,
1. kerτ∩kerρ = kerτ∩kerσ= 1.
